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As is well known, the single level seniority model of pairing has been solved exactly since long
using angular momentum algebra. It is shown that it can also be solved using the Dyson equation
of standard many-body theory. The formalism shows some interesting many-body aspects.
I. INTRODUCTION
The single level pairing model, known in the literature
as the seniority model, see, e.g., [1] is a cornerstone for
the understanding of how pairing works in finite fermion
systems, that is in the present case, finite nuclei. The
physics of this model was introduced by Racah [2] and
it has been solved analytically very long ago by Kerman
[3] with angular momentum algebra. To our knowledge,
it was never attempted to solve this model purely with
many body techniques. The objective of this paper is
to show a way how to do this using the Dyson equation
together with equation of motion (EOM) techniques. It
will turn out that the procedure is not completely trivial
revealing at the same time interesting aspects of many-
body theory.
II. THE SENIORITY MODEL
The seniority model is a degenerate single level prob-
lem with a constant pairing force.
H = −GS+S− (1)
with S− =
∑
m>0 c−mcm (S+ = S
†
−) where the sum-
mation runs over half the degeneracy of the shell: Ω =
j + 1/2 with j the spin of the shell, i.e., Ω is the max-
imum possible number of pairs S+ the shell can take.
The c, c† are the usual fermion operators. The operators
S+, S−, S0 =
1
2
∑
m>0[c
†
mcm + c
†
−mc−m − 1] are pseudo-
spin operators obeying the SU2 Lie algebra
[S−, S+] = −2S0 ; [S0, S±] = ±S± (2)
Because of the spin algebra, the model is readily solved
leading to the eigenvalues of H
E(N, s) = −
G
4
(s2 − 2s(Ω + 1) + 2N(Ω + 1)−N2) (3)
with N the particle number and s the so-called seniority
which counts the unpaired particles. Then, we have
s = 0, 2, 4, ...N for N even
s = 1, 3, 5, ...N for N odd
The unnormalized ground state wave function for N even
is given by
|Ω/2, S0〉 = |Ω/2, (N − Ω)/2〉 ∝ S
N/2
+ |vac〉 (4)
For N odd, that is for a s = 1 state the ground state
wave function is given by
|(Ω− 1)/2, S0〉 ∝ S
(N−1)/2
+ c
†
m|vac〉 (5)
and so forth for the s = 2 wave function, etc. All this is
well described in standard textbooks of nuclear physics,
see, e.g. [1].
Additionally there exists the relation
− 2S0|Ω/2, S0〉 = (Ω−N)|Ω/2, S0〉 for N < Ω (6)
which will be very useful below. We also will consider the
chemical potentials µ± obtained from adding or removing
a particle
µ+ = E(N + 1, s = 1)− E(N, s = 0)
= G
N
2
µ− = E(N, s = 0)− E(N − 1, s = 1)
= −G
1
2
[2(Ω + 1)−N ] (7)
III. DYSON EQUATION APPROACH
In the case of the seniority model it is of great help that
the exact solution as given above, can easily be found
analytically from angular momentum algebra. In other
single shell models, this may not be the case. It may,
therefore, be useful to give methods which solve the prob-
lem without the recourse to angular momentum algebra.
We will show this here with the use of Dyson’s equation
and the equation of motion (EOM) method for a many-
fermion system. Let us start introducing the following
generalized single particle operators
q†α,m = u
αc†m + v
αS+c−m
2qα,m = u
αcm + v
αc†−mS− (8)
It can be realized that the destruction operator qα,m kills,
with certain relation between the u, v amplitudes, the
vacuum (4) exactly, i.e., qα,m|Ω/2, S0〉 = 0. We will give
more details on this later. In order to find the ampli-
tudes u, v, we, as usual [4] minimize the following energy
weighted sum rule
Eα =
1
2
〈{qα,m, [H, q†α,m]}〉
〈{qα,m, q
†
α,m}〉
(9)
where {.., ..} is an anti-commutator and 〈...〉 stands for
expectation value with the ground state wave function
(4). The minimization yields the following eigenvalue
equation
(
a b
c d
)(
uα
vα
)
= Eα
(
n11 n12
n21 n22
)(
uα
vα
)
(10)
with the expressions for the various matrix elements
a = 〈{cm, [H, c
†
m]}〉 ;
b = 〈{cm, [H,S+c−m]}〉 ;
c = 〈{c†−mS−, [H, c
†
m]}〉 ;
d = 〈{c†−mS−, [H,S+c−m]}〉 (11)
and
n11 = 〈{cm, c
†
m}〉 ; n12 = 〈{cm, S+c−m}〉 ; n21 = n12 ;
n22 = 〈{c
†
−mS−, S+c−m}〉 (12)
With (6) those matrix elements can be simplified. For
the elements of the norm, we obtain
n11 = 1; n12 = n21 =
N
2Ω
n22 = (Ω−N + 1)
N
2Ω
+ 〈S+S−〉 (13)
where we used the fact that all the elements are inde-
pendent of the index m, so that we can sum over m and
divide by Ω. For example 〈c†mcm〉 =
1
Ω
∑
m〈c
†
mcm〉 =
N/(2Ω). For the solution of the eigenvalue equation (10),
it is convenient to absorb the norm into the eigenvector
(
a˜ b˜
c˜ d˜
)(
u˜α
v˜α
)
= Eα
(
u˜α
v˜α
)
(14)
The matrix elements can then be given in the following
form
Σ(0) ≡
(
a˜ b˜
c˜ d˜
)
=
(
a b
c d
)(
n11 n12
n21 n22
)−1
with
a˜ = 0 ; b˜/G = c˜/G = n12 ;
d˜/G = (Ω−N + 1)2
N
2Ω
−
[
N − 2
2Ω
− (Ω−N + 2)
+
Ω−N + 1
ω
]
〈S+S−〉 (15)
The matrix Σ(0) is not symmetric. It is possible to use
a procedure with symmetric matrices in diagonalising the
norm matrix and dividing the matrices left and right by
the square root of its eigenvalues. However, we will not
opt for this possibility here.
It can be demonstrated that the two eigenvaluesEα agree
with the exact values and also that the amplitudes u˜, v˜
are related to the various correlation functions. However,
to show this, we find it more convenient to switch to the
equivalent Green’s function formalism. We introduce
Gt−t
′
=
(
G11 G12
G21 G22
)
(16)
with in standard notation
G11 = −i〈Tcm(t)c
†
m(t
′)〉 ;
G12 = −i〈Tcm(t)(S+c−m)t′〉 ;
G21 = −i〈T (c
†
−mS−)tc
†
m(t
′)〉 ;
G22 = −i〈T (c
†
−mS−)t(S+c−m)t′〉 (17)
The integral equation (in time), equivalent to the eigen-
value equation (14) for the GF is then
i∂tG = N +Σ
(0)G (18)
The norm N is the one which appears on the r.h.s. of
eq.(10), that is Nij ≡ nij . The spectral representation
of the GF is given by (passing by Fourier transformation
from time to frequency ω)
Gω =
(
u(1)
v(1)
)
(u(1)v(1))
ω − µ+ + iη
+
(
u(2)
v(2)
)
(u(2)v(2))
ω − µ− − iη
(19)
where we realized the equivalence E1/2 ≡ µ±. We also
recall that via the following sum-rule [5], one obtains for
the ground state energy
− i lim
t′→t=0+
i∂t
∑
m
G11 = 〈H〉 (20)
Solving (18) for G11, we can read off how 〈S+S−〉 is re-
lated to the amplitudes u, v via (20) or directly via G12 or
3G21. Let us, therefore, establish from (18) the equation
for G11
(ω − Σ
(0)
11 )G11 = I11 +
Σ
(0)
12 Σ
(0)
21
ω − Σ
(0)
22
G11 (21)
with
I11 = n11 +Σ
(0)
12
n21
ω − Σ
(0)
22
This is the Dyson equation for the single particle GF. Its
solution reads
G11 =
n11(ω − Σ
(0)
22 ) + Σ
(0)
12 n21
(ω − Σ
(0)
11 )(ω − Σ
(0)
22 )− Σ
(0)
12 Σ
(0)
21
The poles of G11 are at
µ± =
1
2
[
Σ
(0)
11 +Σ
(0)
22 ±
√
(Σ
(0)
11 − Σ
(0)
22 )
2 + 4Σ
(0)
12 Σ
(0)
21
]
(22)
From where we get the spectral representation
Gω11 =
Ψ211
ω − µ+ + iη
+
Φ211
ω − µ− − iη
(23)
with the residua
Ψ211 = (u
(1))2 =
n11(µ+ − Σ
(0)
22 ) + n12Σ
(0)
12
µ+ − µ−
(24)
and
Φ211 = (u
(2))2 = −
n11(µ− − Σ
(0)
22 ) + n12Σ
(0)
12
µ+ − µ−
(25)
Of course the completeness Ψ211 + Φ
2
11 = 1 is fullfilled.
Via the sum-rule (20), we then find the identity
〈H〉 = µ−
∑
m
Φ211 = µ−ΩΦ
2
11 (26)
We can check that the equation for 〈S+S−〉 to which this
equation leads is fullfilled by the exact expression
〈S+S−〉 =
N
4
(2Ω−N + 2) (27)
The chemical potentials are given by
µ± =
1
2
[
Σ22 ±
√
Σ222 + 4Σ12Σ21
]
(28)
The expressions for the Σij in terms of Ω and N can be
found in the Appendix. They are rather complicated but
it can be demonstrated that they lead to chemical poten-
tials which are identical to the ones in Eq.(7).
An important quantity which can be calculated from the
single particle GF are the occupation numbers nm =
〈c†mcm〉 = −i limt′→t=0+ G
t−t′
11 . They can be obtained
from a solution of the Dyson equation what constitutes a
self-consistency problem: the occupation numbers which
go into the solution of the Dyson equation should be the
same as the ones we get out from the GF. Since in our
problem the single particle GF is exact, no wonder that
this self-consistency problem leads to the exact occupan-
cies. Indeed we can analytically verify that the hole oc-
cupancy (25) which is a function of the nm fullfills the
equality
Φ211 =
N
2Ω
= nm
Those occupancies are by the way the same as one gets
from the BCS solution of the seniority model [1]. They
are independent of the azimuthal quantum number m
and, thus, take fractional values determined by the ratio
of the particle number N and the total degeneracy of the
shell 2Ω.
One also can check that the killing condition is fullfilled.
IV. PAIR ADDITION AND PAIR REMOVAL
MODES
It is interesting that the same game can be repeated for
the pair-addition and pair removal modes. The extended
RPA operators are
A† = X1S+ +X2S+S0 (29)
for the pair addition, and
R† = Z1S− + Z2S0S− (30)
for the removal.
Again one sees that it is possible to fullfill the killing
conditions
A|0〉 = R|0〉 = 0
Of course the addition and removal modes should be
properly normalized
〈[A,A†]〉 = 1 ; 〈[R,R†]〉 = −1
By simple manipulations with back and forward amli-
tudes we can invert (29) and (30) and derive the following
expressions for S+ and S+S0
4S+ =
Z2A
† −X2R
Z2X1 −X2Z1
;S+S0 =
Z1A
† −X1R
Z1X2 −X1Z2
(31)
For example this allows to obtain the realtion
〈S+S−〉 =
X22
(Z2X1 −X2Z1)2
From the EOM we obtain the eigenvalue equation for
addition and removal modes
eX1 + fX2 = ωa(N11X1 +N12X2)
fX1 + gX2 = ωa(N21X1 +N22X2)
eZ1 + fZ2 = −ωr(N11Z1 +N12Z2)
fZ1 + gZ2 = −ωr(N21Z1 +N22Z2) (32)
with
e = 〈[S−, [H,S+]]〉
f = 〈[S0S−, [H,S+]]〉
g = 〈[S0S−, [H,S+S0]]〉 (33)
and
N11 = 〈[S−, S+]〉
N12 = N21 = 〈[S−, S+S0]〉
N22 = 〈[S0S−, S+S0]〉 (34)
With these EOMs and proceding in a similar way
as with the Dyson equation one also obtains the exact
solutions for the s=0 ground state and addition and
removal energies. It is also possible to introduce a
corresponding system of GFs, establish a Dyson-Bethe-
Salpeter equation (Dyson-BSE), see [6], and solve the
problem in this way. So, we got the exact solutions for
the s = 0 ground states of the N,N ± 2 systems and for
the s = 1 systems with N ± 1. Higher seniority states
need further elaboration.
V. OUTLOOK AND CONCLUSIONS
It is very interesting that the above procedure may give
way how to deal with the general more level case. We
know that a general coupled cluster doubles wave func-
tion |CCD〉 can be killed by an extended RPA operator,
see [4]. To be short but without loss of generality, we
take the two level Lipkin model as example. For the Lip-
kin model, see, e.g., [1], the extra term of the generalized
killing operator is contained in
Q+ = XJ+ − Y J− + ηY J−J0 (35)
with, as we know [4]
Q|CCD〉 = 0
and |CCD〉 = ezJ+J+ |HF 〉 with amplitudes fullfilling
certain inter-relations. The J−J0 term is analogous to
the S0S− term in the pair operators. The J±, J0 oper-
ators are quasi-spin operators as in the seniority model
here. The RPA operator in (35) has three terms because
the Lipkin model is a two level model and, thus, the
killer has essentially already the same structure as the
killer in a realistic case [4]. In the past we have replaced
in (35) J0 by its expectation value 〈J0〉 and established
self-consistent RPA (SCRPA) equations [4]. The J−J0
operator may, however, be better taken care of. In anal-
ogy to (16) we can construct a 3×3 GF G = Gij with
i, j = 1, 2, 3 and establish a Dyson equation analogous
to (18, 21) but the single particle GF’s replaced by the
analogons to the pair modes. In the Lipkin model the
correlated ground state is not an eigenstate of J0 as is
the case in the seniority model with S0. However in the
relevant terms of ΣLipkin the J0 operators can be moved
to the right (or left) until it touches the ground state
and, then taken out of the correlation function with its
expectation value. This may be a quite reasonable ap-
proximation, probably a better one than to replace J0
by its mean value in (35). Separate expressions for 〈J0〉
can be established as the one for G11 here, or similar
ones [7]. This will give rise to a coupled system of a sin-
gle fermion Dyson equation and a Dyson-Bethe-Salpeter
equation [6]. We are then in an analogous situation as
with the present seniority model and a fully self consis-
tent solution can also be given for the Lipkin model or
even for more realistic problems. This shall be a task for
the future.
In conclusion, we have found with the equation of motion
method a procedure which solves the single level pairing
(the seniority) model exactly. This may be useful for
the solution of other single level models which cannot be
solved trivially by angular momentum algebra. The ap-
plied many body technique is rather non-trivial and it
may be generalizable to more realistic many level prob-
lems. Work in this direction is in progress.
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5VII. APPENDIX
The matrix elements of the self energy Σ(0) are given
by
Σ22 = −
G
D
[C − n22n12]
Σ12 = −G
Σ21 = −
G
D
{[
(Ω−N + 1)N
2Ω
+ 〈S+S−〉
]2
− C
N
2Ω
}
(36)
with the following ingredients (for nij and 〈S+S−〉 see
(13) and (27), respectively)
C = (Ω−N + 1)2
N
2Ω
−
[
N − 2
2Ω
− (Ω−N + 2)
+
Ω−N + 1
Ω
]
〈S+S−〉 (37)
D =
(Ω−N + 1)N
2Ω
−
(
N
2Ω
)2
+ 〈S+S−〉 (38)
With these expressions one can show that
DΣ22 = −G(Ω−N + 1)D
DΣ21 = −G
N
4
(2Ω−N + 2)D (39)
that is, the numerator of Σij factorizes. With this it is
easy to show that (28) is equivalent to (7).
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